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Fréedericksz transition in antiferroelectric liquid crystals
and cooperative motion of smectic layers
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We study the theory of the Fre´ederiksz transition in antiferroelectric liquid crystals, and find the conditions
under which an applied electric field can cause a homogeneously nucleated transition of the system from
antiferroelectric to ferroelectric alignment. We demonstrate that taking into account the cooperative motion of
smectic layers results in a significant reduction of the predicted critical electric field at which this transition
occurs.@S1063-651X~98!06011-5#

PACS number~s!: 61.30.Cz, 64.70.Md
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I. INTRODUCTION

In a recent paper@1#, it was shown that the transition from
antiferroelectric to ferroelectric alignment in an antiferr
electric liquid crystal~AFLC! can be homogeneously nucle
ated only under certain conditions. In particular, the criti
electric field was found at which the antiferroelectric co
figuration loses its stability in an applied field. One of t
major simplifications made in Ref.@1# was to neglect mo-
lecular rotations in those layers of the AFLC that contain
molecules initially aligned in the direction of the applie
electric field. In the present work we extend the calculat
to include thecooperativemotion of all the smectic layers a
the transition occurs. It appears that the scenario of the t
sition from an antiferroelectric to a ferroelectric state in
AFLC changes drastically as soon as the cooperative mo
of all the smectic layers is included. The critical field
which the homogeneous nucleation occurs is now de
mined mostly by the thickness of the AFLC cell, and not
the molecule-molecule interaction potential. As a result, t
field may become much smaller in the model that takes
operative motion of smectic layers into account than in
model of Ref.@1#, which ignores this possibility.

Our starting point is an expression for the effecti
Hamiltonian of a cell containing an AFLC. Figure 1 show
our model. TheN smectic layers lie in thex-z plane, and the
director is characterized by the constant angleu0 that it ev-
erywhere makes with they axis and by the variable azi
muthal anglef l(x,z) that it makes relative to thex axis in
thex-z plane and in layerl . The Hamiltonian is then taken t
be

H5D(
l 51

N E dx dzH k

2 F S ]f l

]x D 2

1S ]f l

]z D 2G
1U cos~fl2fl21!2P0E cosfl

2
«0De sin2u0

2
E2sin2fl1W~z!sin2flJ. ~1!

In this expression,D is the layer thickness,k is an elastic
constant, andW(z) is a surface anchoring energy which w
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take to act only at the top and bottom surface of the cell, a
thus to be of the formw0@d(z2d/2)1d(z1d/2)# with d the
height of the cell. We assume planar anchoring, so thatw0
.0. The elastic energy terms come from the variation of
in the x-z plane. Because each layer is only one molec
thick, there is no variation off in the y direction within a
layer. Instead there is the interlayer interaction, which is
sumed to favor the herringbone structure first considered
Beresnevet al. @2# and confirmed experimentally by Galern
and Liebert@3#, and by Bahret al. @4#. Such a structure ha
an antiparallel orientation of adjacent dipoles, as descri
by the term with coefficientU. The small chiral deviation
from a perfectly antiparallel orientation is neglected in th
treatment. Finally, there are two terms containing the elec
field E, which is assumed to be in thez direction. The first of
these represents the effects of polarization, while the sec
arises as a consequence of the dielectric anisotropy,De. The
quantity«0 is the vacuum permittivity. The large number o
terms in this expression reflects the richness of phases
complicated dielectric behavior@5# of the AFLC.

II. AFLC IN AN ELECTRIC FIELD

For moderately thin cells, in which the tendency to form
helical structure can be ignored@1#, the liquid crystal mol-
ecules in the absence of an applied electric field form

FIG. 1. Geometry of the model antiferroelectric liquid crystal.
5919 © 1998 The American Physical Society
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antiparallel sequencef i 115f i1p. When an applied elec
tric field reaches the valueEc252U/P0 , the ferroelectrically
aligned state is reduced in energy below the antiferroelec
one.

We shall see from the calculation below that the transit
from the antiferroelectric into the ferroelectric state will n
instantaneously occur at an electric field exactly equal toEc2
unless nucleated at a defect or a boundary. The transitio
a homogeneous system contained in a thin cell~i.e., one
having a smalld) may not occur until fields considerably i
excess ofEc2 are reached. In thick cells, on the other han
the transition may begin at fields lower thanEc2 , but not
become complete until fields greater thanEc2 are reached.

In the rest of this section the stability requirements for
antiferroelectric state subject to an electric field will be an
lyzed in two different model approaches. In the first calcu
tion, which closely follows Ref.@1#, molecular rotations in
the odd layers of the AFLC, which contain molecules in
tially aligned in the direction of the electric field, will b
neglected. Correspondingly, the motion of only the even l
ers will be considered. In the second model calculation
cooperative motion of all layers will be taken into accoun

A. Uncoupled case

Let us now examine the stability of the antiferroelect
state when subject to an applied electric field. That is,
will calculate the conditions under which an applied elect
field can cause a homogeneously nucleated transition o
system from the antiferroelectric alignment shown in F
2~a! to the ferroelectric alignment shown in Fig. 2~b!. For
this analysis, which expands on the brief treatment alre
presented in Ref.@1#, we takef to be a function ofz alone in
the even-numbered smectic layers, and writef2l5p
1(21)lf(z). For the odd layers, which contain molecul
with dipole moments initially alignedalong the applied elec-
tric field, we putf2l 1150. These assumptions are illustrat
in Fig. 2~c!.

When an electric field is applied of sufficient strength
make the antiferroelectric state unstable,f(z) will begin to
deviate from zero. We accordingly examine the energy of
system whenf!p. To second order inf(z), the energy per
unit length of the smectic layer can be obtained as an exp
sion of Eq.~1!:

FIG. 2. Different configurations of the model AFLC:~a! Anti-
ferroelectric state.~b! Ferroelectric state.~c! Intermediate state o
the AFLC according to the ‘‘uncoupled’’ model.~d! Intermediate
state of the AFLC according to the ‘‘coupled’’ model.
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E5DE dzH k

2
fz

21FU2
1

2
P0E2

1

2
«0DeE2sin2u0

1W~z!Gf2~z!J , ~2!

wherefz[]f/]z.
In order to find the requirements for the Fre´edericksz tran-

sition to occur, we must find the conditions under whi
there exists a nonzerof(z) that minimizes Eq.~2! in the
bulk of the sample and also makes the total energyE nega-
tive. Minimization of Eq.~2! in the interior of the sample
where W(z) vanishes, gives a differential Euler-Lagrang
equation forf(z), whose solution isf(z)5f0cos(qz) with

q~E!5A22U1P0E1«0DeE2sin2u0

k
. ~3!

A nonzerof(z) will occur only when the total energy is
negative. Substitutingf(z) into Eq. ~2! and applying the
conditionE,0, we obtain

tanS qd

2 D.
2w0

kq
. ~4!

This condition enables us to extract the electric fieldEc3 at
which the antiferroelectric configuration becomes unstab
This critical field is always larger than the fieldEc2 at which
the ferroelectrically aligned state becomes energetically p
ferred, and may even become much larger thanEc2 if the
thickness of the AFLC cell becomes small. The phase d
gram of the AFLC in this model is shown in Fig. 3 as the lin
labeled ‘‘uncoupled case.’’

Equation ~4! bears some similarity to a closely relate
result of Handschy and Clark@6# @their Eq.~13!#, who stud-
ied the threshold fields in ferroelectric liquid crystals. T
difference between the two cases lies in the fact that
theory refers to discrete layers rather than a continuum
includes the effects of dielectric anisotropy, but does
include the sensitivity of the anchoring potential to the dire
tion of the electric polarization.

In the limit of strong anchoring (w0→`) Eq. ~4! reduces
to the condition

q~E!d.p. ~5!

For the case of positive dielectric anisotropy,De.0, condi-
tion ~5! can always be achieved at sufficiently strong elec
fields. The critical field for infinitely strong anchoring is

Ec35
P0

2a FA11
4a

P0
2 S 2U1

p2k

d2 D21G , ~6!

wherea5«0uDeusin2u0.
If, on the other hand, the dielectric anisotropyDe is nega-

tive, there is a maximum value thatq can attain. As a result
there exists a critical cell thickness

dc5pA k

P0
2/4a22U

, ~7!
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such that, for thicknessesd,dc , there is no possible electri
field that can destabilize the antiferroelectric configurati
For the cell withd.dc , the critical field for the Fre´edericksz
transition at infinitely strong anchoring is

Ec35
P0

2a F12A12
4a

P0
2 S 2U1

p2k

d2 D G . ~8!

B. Coupled case

Up to this point we have considered an idealized spe
case, in which a transition is initiated by a rotation of ea
layer in the sense shown in Fig. 2~c!. All odd layers remain
unchanged, while the orientationf of the even layers alter
nates in direction. This arrangement was chosen as a rea
able approximation for a thin cell, in which anchoring forc
dominate, and because of its mathematical convenience.
thick cell, however, the scenario of the Fre´edericksz transi-
tion may not be that simple, so we now consider a m
probable path for this transition. Such a path is shown in F
2~d!. Now the odd layers are allowed to rotate as well as
even ones. The path of lowest energy is then for the e
layers to all rotate in the same direction, while the odd lay
also undergo a small rotation in this direction. This results
an effectivesofteningof the system, which permits it to hav
a lower energy than in the previous, uncoupled, arrangem

We now calculate the critical electric fieldEc3 , at which
the system leaves the ideally aligned state shown in Fig.~a!
to begin the transformation into the state shown in Fig. 2~d!.
We will show that taking into account the cooperative m
tion of even and odd smectic layers may result in a sign
cant reduction of the critical field when the cell thickness
not very small. Furthermore, this field does not necessa
have to be larger thanEc2 . As we will show, for an infinitely
thick cell and in the absence of any tendency to form a
lical structure, the AFLC leaves the ideally aligned antife
roelectric configuration even when a very weak electric fi
is applied.

For our analysis we takef2l5f(z) for the even layers,
and f2l 115p1c(z) for the odd layers, and assume bo
f(z) andc(z) to be much smaller than unity. Expansion
Eq. ~1! to second order inf andc gives, with omission of all
angle-independent terms,

FIG. 3. The critical fieldEc3 , at which the system leaves a
ideally aligned antiferroelectric state, is shown for ‘‘coupled’’ a
for ‘‘uncoupled’’ models as a function of cell thicknessd.
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E5DE dzH k

2
~fz

21cz
2!1U~f2c!22

P0E

2
~c22f2!

2S 1

2
«0DeE2sin2u02W~z! D ~c21f2!J . ~9!

Minimization of this free energy in the bulk of the laye
now gives us a pair of coupled Euler-Lagrange equatio
whose solutions yield

f~z!5f0 cos~ q̃z!, ~10!

c~z!5c0 cos~ q̃z!. ~11!

Here self-consistency dictates that

c0

f0
5A~E![2

P0E

2U
1AS P0E

2U D 2

11

and

q̃~E!5A22U1«0DeE2sin2u01A~P0E!214U2

k
.

~12!

As in the uncoupled case, nonzerof and c occur only
when the total energy@Eq. ~9!# is negative. After substitution
of Eqs.~10! and~11! into Eq.~9!, we obtain the condition for
this to be true:

q̃2S 12
sin q̃d

q̃d
D 1F2U

k

~12A!2

~11A2!
2

P0E

k S 12A2

11A2D
2

«0DeE2sin2u0

k G S 11
sin q̃d

q̃d
D

1
4w0

kd
~11cos q̃d!,0. ~13!

In the limit of strong anchoring (w0→`), Eq. ~13! reduces
to the condition

q̃~E!d.p. ~14!

In the limit of small cell thickness, and hence large ele
tric fields, for whichE/Ec2@1, both Eqs.~13! and ~14! re-
duce to the corresponding equations describing the
coupled case, Eqs.~4! and~5!. For moderate cell thicknesse
however, Eq.~13! predicts a Fre´edericksz transition to occu
at much smaller electric fields than before. For such fields
can neglect the dielectric anisotropy, and find the followi
expression for the critical field in the case of infinitely stro
anchoring:

Ec35
1

P0
A@2U1k~p/d!2#224U2. ~15!

We note that the critical fieldEc3 , at which the system
leaves an ideally aligned antiferroelectric state, may be m
smaller than the fieldEc2 , at which the purely ferroelectric
state shown in Fig. 2~b! becomes energetically preferred



a
n

an

ic

al
a

4
e

th

ra

ly
the
c-

n of
ric
co-
nt

the
en-
s

5922 PRE 58X. Y. WANG, T. KYU, A. M. RUDIN, AND P. L. TAYLOR
the purely antiferroelectric one shown in Fig. 2~a!. This is
shown schematically in Fig. 3, which indicates the critic
field for homogeneous nucleation in each model as a fu
tion of cell thickness. The thicknessd1 at which a field of
strengthEc2 sufficient to cause ferroelectric alignment c
also cause homogeneous nucleation is given byd1

53.45Ak/U.
To place these results in context, we can substitute typ

values for the parameters involved@7#. With k510211 N,
P057.531024 C m22, U533103 J m23, De sin2 u05
20.1, and infinitely strong anchoring, we find the critic
cell thicknessdc to be as small as 25 nm. At the more typic
experimental cell thickness of 1mm the electric field at
which homogeneous nucleation is predicted to occur is
3105 V m21 in the coupled model, and more than an ord
of magnitude higher,;83106 V m21 in the uncoupled
model. We should note, however, that the magnitude of
interlayer interactionU is known only from indirect esti-
mates, and so these figures may be subject to conside
revision.
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III. CONCLUSIONS

In summary, we have studied the Fre´ederiksz transition in
antiferroelectric liquid crystals in a model containing on
nearest-neighbor interactions between smectic layers of
AFLC. We find the conditions under which an applied ele
tric field can cause a homogeneously nucleated transitio
the system from the antiferroelectric to the ferroelect
alignment. We demonstrate that taking into account the
operative motion of the AFLC layers results in a significa
reduction in the critical electric field for the transition.
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